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HOMOLOGY GROUPS OF SIMPLICIAL COMPLEMENTS: A NEW 
PROOF OF HOCHSTER THEOREM 

JUN MA, FEIFEI EAN AND XIANGJUN WANG 


Abstract. In this paper, we consider homology groups induced by the exterior algebra 
generated by a simplicial compliment of a simplicial complex K. These homology 
groups are isomorphic to the Tor-groups TorJ^[]l‘^ (k(A'), k) of the face ring k(A'), which 
is very useful and much studied in toric topology. By using Cech homology theory and 
Alexander duality theorem, we prove that these homology groups have dualities with 
the simplicial cohomology groups of the full subcomplexes of K. Then we give a new 
proof of Hochster’s theorem. 


1. Introduction 

Throughout this paper, k is a field or the ring of integers Z. k[m] = k[t;i,... ,Vm\ is 
the graded polynomial algebra on m variables, deg(t;j) = 2. The face ring (also known 
as the Stanley-Reisner ring) of a simplicial complex K with m vertices is the quotient 
ring 

k(A) = k[m]/lK 

where Ik is the ideal generated by those square free monomials Vi^ ■ ■ ■ Vi^ for which 
{fi,..., is} is not a simplex in K. 

For any simple polytope P”’, Davis and Januszkiewicz [5] introduced a T”^-manifold 
Zp with orbit space P”. After that Buchstaber and Panov [3] generalized this definition 
to any simplicial complex K with vertex set [m] = {1,2, and named it the 

moment-angle complex associated to K: 

ZK=(j D{a), 

ctGK 

where D{a) = TixP^x • • • xY^, U = if f € u and Yi = if i ^ a. The follow¬ 
ing theorem is proved by Buchstaber and Panov [3] for the case over a field by using 
Eilenberg-Moore Spectral Sequence, [T] for the general case. 

Theorem 1.1 (Buchstaber and Panov [3 Theorem 4.7]). Let K he a simplicial complex 
with m vertices. Then the following isomorphism of algebras holds: 

H*{ZK;k) ^ Tor‘"H(k(i^)^k). 
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Since (k(i^), k) has a natural Z © Z™'-bigrade. So the bigraded cohomology 

ring can be decomposed as follows: 

i/*(Zx;k)-Tor*^H(k(i^),k) = 0 0 Tor‘;H(k(i^),k). 

i>0 JC[m] 

Hochster [6] gave a combinatorial description of the Tor-groups Tor|^j™^(k(/C), k). 
Theorem 1.2 (Hochster [6]). 

Tor^'7'(k(i^),k) ^ ^l^l-*-i(Kj;k), 

where i7“^(0;k) = k, Kj is the full subeomplex of K corresponding to J. 

Hochster proved this for the case k is a field by analyzing the betti number of both 
sides. Buchstaber and Panov [U Theorem 3.2.9] generalize this result to k = Z by means 
of the Koszul resolution A[m] © k[m] of k. 

Recently, Wang and Zheng [8] gave another way to calculate Tor*^[”^](k(R'), k) by using 
Taylor resolution on the Stanley-Reisner ring k(R'). This method was presented firstly 
by Yuzvinsky in [9]. In this paper we give a combinatorial description of this method, 
and then we prove Hochster’s theorem in a different way. 

Definition 1.3 (missing faces and simplicial complements). Let iL be a simplicial com¬ 
plex on the set [m]. A missing face of K is the subset r C [m] where t K and every 
proper subset of r is a simplex of K. Denote by MF{K) the missing face set of K. 
Clearly MF{K) is uniquely determined by K. 

A simplicial complement P of AT is a subset of {r C [m] | r 0 K} so that MF{K) C P. 
Usually P is not unique. Denote by P{K) the set of simplicial complements of K. 

Given a simplicial complement P of K, one can define an exterior algebra A*[P] gen¬ 
erated by all elements of P. For a monomial u = R 1 R 2 • • - A™ S A*[P], let 

‘S'u = Tq U U • • • U Ti„ 

be the total set of u. So A* [P] has a natural Z © Z™'-bigrade, which means 

A*[P] = 00 W’'^[P] 

2>0 JC[m] 

where A*’'^[P] is generated by monomials u satisfying Su = J and deg(u) = i. 

One can make A*[P] into a chain complex by defining a differential d on it. The 
differential d : A"'’*[P] —)• A"'“^’*[P] is generated by 

n 

d{^) = 6j, 

where u = dju = Ti^--- n. (particularly, if n = 1, 9i(riJ = 1), 6j = 1 

if Su = Sg.(u) and zero otherwise. 

Theorem 1.4 (see [8l Theorem 2.6 and Theorem 3.2]). Let K he a simplicial complex 
on the set [m]. Given a simplicial complement P G P[K). Then 

TorJ;[7'(k(R),k) ^ ifi(A*’^[P],d). 
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Remark 1.5. From Theorem 11.41 we know that the homology groups Rj (A*’‘^[P], d) 
of a simplicial complement P is not depend on the choice of P. It just depend on the 
simplicial complex K. 

If we can prove that 

then the Hochster theorem is proved. The following theorem ensure these isomorphisms 
hold. 

Theorem 1.6. Let K be a simplicial complex on the set [m], and let P he one of the 
simplicial compliments of K. Then we have the following group isomorphisms: 

Corollary 1.7. Let everything he as before. Then 

Hi{A*’‘^[F],d) ^ Rl'^l-*-^(A:j;k). 

2. Combinatorial description of homology groups of simplicial 

COMPLEMENTS 

If X is a simplex, the theorem is trivial. So in this paper, we assume that K is a 
simplicial complex on the set [m] but not a simplex. Given a simplicial complement P 
of K, suppose 

P = {'F1,T2, • • • ,Tr}- 

For any r* G P, we have a simplicial complex 

starg^m-iTj := {r G | r U r* G 

Clearly starg^m-iTj is a triangulation of We denote by Ui = int|starg^m-irj|, the 

interior of the geometric realization of star^^ m— 1 n- 

Proposition 2.1. Let U{K) := \dA'^ \ \K\. P and Ui are defined as above. Then 

U = ® open cover ofU{K). 

Proof. If X G |5A™’“^| \ \K\, there is a simplex r G 21™’! \ K satisfying x in the relative 
interior of r. From the definition of a simplicial complement, there exists a simplex 
Ti G P, such that r* G r. Thus, x & Ui. □ 

Definition 2.2. For any topological space A, Let U = {Ui^.^j be an open cover of the 
space X indexed by a set /. We define the nerve Af{\J) to be the abstract simplicial 
complex on the set I 

W(U) = {{h,i2---,in) ui\Ui,nUi^n...nUi„^ 0 }. 

For a simplex cr = (ii,Z 2 ,...,in) S -^(U), denote by U^ = Ui.^^ fl Ui^ fl... n Ui^. 

The simplicial homology groups of AA(U) are called the homology groups of the open 
cover U, and denoted by 

R*(A,U;k) :=R*(A^(U);k). 

The following theorem is a canonical result of Cech homology theory which will be 
used in the sequel. 
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Theorem 2.3 (see [21 Corollary 13.3]). Let U = he an open cover of the space 

X having the property that = 0 for all a G A/’(U). Then there is a canonical 

isomorphism 

Theorem 2.4. Let K be a simplicial complex on [m], P = {ri, T 2 , ..., r^} he a simplicial 
complement of K. By Proposition 2.1, U = r open cover of the 

topological space U{K). Then we have the following isomorphisms: 

^ f„_2(C/(ir),U;k) := F„_2(Ar(U); k). 

Before proving Theorem 12.41 we work on the following lemma first. 

Lemma 2.5. We use notations as above. Then 

(1) If TiLiTj [m], then Ui fl Uj = int|starg^m-irj U |. 

(2) If Ti U Tj = [m], then UitlUj = 12. 

Proof. Note that for any simplex r of 

O 

int|starg^ m —ixj — 

rCcr 

o 

where jcrj is the relative interior of the geometric realization of a. Then the lemma follows 
by a direct checking. □ 

Proof of Theorem \2.4\ From Definition 2.2, we know that 

M{U) = {{ii,i2 ... ,in) G 2M \ Ui,, + 0}. 

Lemma [231 shows that Ui., n Ui^ n ... fl Ui„ / 0 if and onely if Ti, U Tjj ... U ^ [m]. 
So the nerve can be written as 

AA(U) = {{ii,i 2 ... ,in) G 2^ I Til UTj 2 ... U Ti„ 7 ^ [m]}. 

Let A*[P] be the exterior algebra generated by P = {ri, r 2 ,..., r^}. We define another 
differential d : A^'lP] —)■ A"“^[Po] generated by 

n 

8(u) = 

i=i 

where djU = Ti, ■ ■ ■ fi. ■ ■ ■ Ti„ for any monomial u = ■ ■ ■ Ti„. Define a homomorphism 

$ : C4A^(U);k) ^ A*+i[P], 

generated by ^[{ii,i 2 ,... ,in)) ■= PiP 2 "'Pn G A^'lP], where C* (AA(U); k) is the re¬ 
duced simplicial chain complex of AA(U). Obviously, <1> is a monomorphism. Let 
r = Im<h. Then we get a short exact sequence of chain complexes, 

0 ^ (a(AA(U);k), d) ^ (A*+1[P], d) ^ (A*+i[P]/r, d) ^ 0. 

Apparently, A*+^[P]/r is generated by all monomials u G A*+^’[™'1[P] (i.e., S'u = [m]). 

It is easy to see that there is a chain isomorphism 

(A*+i[p]/r, d) ^ (A*+^’[”^l[P], d), 
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where [P], d) is as in Theorem oi 

It is easy to see that ff*(A*[P], d) = 0. Thus from the long exact sequence induced 
by the short exact sequence above, we get that 

i/4A*’H[p], d) ^ ^„_2(A^(U);k). 

□ 

Proof of Theorem \lM Note first that and |starg^m-ir| = D^~'^ for 

each r G r ^ 0. We combine the results of Theorem 12.31 Theorem 12.41 and 

Lemma iTSl to get that 

From Alexander duality theorem, we have 

□ 
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